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The Revolution in Arithmetic 


WILLIAM A. BROWNELL 


University of California 


URING THE LAST HALF-CENTURY major 
ID changes have occurred in our con- 
ception of arithmetic as a school subject. 
These changes have resulted both from 
the study of arithmetic itself and from in- 
fluences from movements and develop- 
ments outside the subject matter; and 
they have affected both the content of 
arithmetic and the methodology of pre- 
senting that content to children. 


The Arithmetic of 1900 


The arithmetic of 1900 differed materi- 
ally from the arithmetic we now include in 
the elementary curriculum. Some few of 
us remember that earlier arithmetic. 
Others can readily ascertain its nature by 
examining old textbooks} Two of its char- 
acteristics stand out prominently: (a) it 
was hard, and (b) it was little related to 
practical living | In the higher grades, for 
instance, computations and “problems” 
were long and complicated, with few if 
any counterparts in the daily activities 
even of adults in that period. 

Children began the serious business of 
learning arithmetic as soon as they en- 
tered school. In the first two grades they 
memorized all the simple number facts. 
By the time they had finished grade three 
they were well embarked into computa- 
tion with whole numbers. In grade four 
they performed operations with common 
fractions, many of which are now gener- 
ally deferred to grade five or six, and 
others of which have been eliminated from 
school arithmetic. In the higher grades 
they studied square root and even cube 
root, worked long and difficult examples 


with decimal fractions, percentage, and 
ratio and proportion, and solved intricate 
“problems” involving many steps. 

Learning consisted largely in memoriza- 
tion. Teachers,' relying pretty much upon 
what was in the textbook, showed pupils 
what to do and then relied upon abundant 
bodies of practice to produce mastery. 
Homework assignments were heavy, and 
many parents were called upon to revive, 
temporarily at least, skills that they had 
forgotten. The children who survived this 
demanding regimen, aided often by two 
one-hour periods for arithmetic a day, 
were capable of arithmetical feats far be- 
yond the capabilities of eighth-graders to- 
day, whether or not they ever later put 
them to effective use. 

The arithmetic program of 1900, like - 
the programs in other divisions of subject 
matter, was based upon a psychological 
theory long since abandoned, namely, the 
doctrine of Formal Discipline. According 
to this doctrine, “‘the mind” was thought 
to be composed of separate parts, ‘‘facul- 
ties,’ each susceptible of training. The 
more vigorously each faculty was trained, 
the stronger it became, and the more 
widely and fruitfully it could be employed. 


1 In making, and reading, the sweeping state- 
ments that are practically required by the 
brevity of articles like this one, one must be ever 
mindful of exceptions. There have always been 
“good” teachers of arithmetic. These “good” 
teachers, in doing what they have felt they had 
to do to encourage sound learning, have had at 
times to go counter to accepted methodology. 
And not infrequently, the practices they em- 
ployed more or less surreptitiously were later 
found to be desirable. 
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What was learned was relatively unim- 
portant. What was important was that the 
faculties be trained. Hence, there needed 
to be little concern about the probable 
usefulness of what was taught. 


The Start of Change 


In the first decade of this century care- 
ful research demonstrated the invalidity 
of the Doctrine of Formal Discipline. It 
came to be seen that “faculties’’ are non- 
existent, and that learning consists, not 
in the training of the supposed faculties, 
but in the acquisition of ways of behaving, 
ways of perceiving, of thinking, of act- 
ing, and of feeling. With this change in the 
conception of mind and of learning, a new 
basis had to be found for selecting the 
content of arithmetic and for determining 
the best methodology of instruction. 

By 1910 (to choose an approximate 
date) the search for this new basis was 
under way, the search for what may be 
called a functional program in arithmetic. 
The search is still on, and it will continue 
endlessly. Perfect programs represent 
goals that can never be attained, but they 
are nonetheless sound guides for progress. 

A complete history of the search for a 
functional program in arithmetic would 
fill a sizeable volume, for after all it was 
but part of a much larger movement af- 
fecting the whole elementary curriculum. 
Influences have been many and diversi- 
fied; to mention but three: increased 
knowledge of the psychology and the 
sociology of individual differences, marked 
improvements in learning materials (tex- 
tual and others), and far-reaching changes 
in educational philosophy. These influ- 
ences and others I shall have to disregard 
in this sketch, in order to center attention 
upon a set of three different influences: 
study of content, study of learning, and 
study of the learner. 


Study of Content 


By 1910 college professors, school super- 
intendents, and others were busy trying to 
find out just what we should teach in 
arithmetic. Their principal method was to 
inquire in one way or another concerning 
the arithmetic adults actually employed 
in the non-vocational pursuits of their 





daily lives. Adults were asked, for exam- 
ple: How many times in the last two 
weeks have you used the third case in per- 
centage? Or, parents were invited to send 
to school the problems they had had to 
solve during the day. The criterion em- 
ployed to determine whether a skill or 
topic should be retained, restricted, or 
discarded was that of social utility. 

~< Studies of this kind were carried on for 
twenty-five years, and they had signifi- 
cant results. They tended to show that the 
schools were teaching too much arith- 
metic—too advanced and complex phases 
of skills and other skills not apparently 
needed at all. The evidence was that 
adults did not seem to use these acquisi- 
tions.) New and more reasonable limits 
were set for the purposes of mastery; for 
example, fewer addends of smaller num- 
bers in addition, and smaller numbers in 
the terms in subtraction multiplication, 
and division with whole numbers. The 
more complicated phases of computation 
with common fractions were recom- 
mended for elimination (and were elimi- 
nated), and serious questions were raised 
about the extent to which decimal frac- 
tions, percentage, ratio and proportion, 
and powers and roots of numbers should 
be taught, if taught at all. 

The new broom ‘‘swept clean,’’ perhaps 
too clean. The principle of social utility 
easily tended to become the criterion of 
frequency of adult use, and as such to be 
the sole basis for selecting content. This is 
not the place to enter upon a critique of 
this principle. Let it suffice to say that, 
valuable as it is, it is not all-sufficient. The 
truth is that no single criterion provides a 
comprehensive and complete means to de- 
termine curricular content in any field of 
subject matter. Other criteria are equally 
relevant and important.? 


* The very nature of arithmetic imposes cer- 
tain obligations with respect to content. The in- 
ternal relations of the subject, based as it is upon 
a decimal radix, in part determine what must be 
taught. We cannot neglect the multiplication 
facts with 9 as multiplier or multiplicand even if 
social utility showed them to be “‘less impor- 
tant’’—less commonly used—than the multi- 
plication facts with 2. And we cannot teach di- 
vision as a process without first teaching sub- 
traction. 
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Be all that as it may, the study of con- 
tent described imperfectly in the foregoing 
paragraphs and sometimes referred to for 
obvious reasons as “the reductionist 
movement,’ marked an important change 
in our thinking about arithmetic and a 
substantial step forward in our search for 
a functional program in arithmetic. If it 
did nothing else (and it did), it established 
beyond question the fact that arithmetic 
has a social aim. The only sound justifica- 
tion for giving arithmetic a place in the 
elementary curriculum is that it con- 
tributes directly to more effective, more 
intelligent, and more complete living. 
Weaknesses attendant upon too exclusive 
reliance on the principle of frequency of 
adult use had to be corrected; and they 
have been in process of correction, as will 
be noted shortly. 


Study of Learning 


Search for a more functional content for 
arithmetic relates primarily to the sociol- 
ogy of the subject. Search for a better or- 
ganization of content and for better meth- 
ods of teaching that content relates to the 
psychology of the subject. In this latter 
area a great deal has happened in the last 
fifty years. 

Psychologists first gave attention to 
problems of measuring achievement, of 
analyzing the skills set for instruction into 
their sub-skills and elements, and of not- 
ing common errors in learning these skills, 
including problem solving. The testing 
revealed, as we had not known before, the 
degree of our success in teaching the con- 
tent of arithmetic. The analyses showed 
what it means to learn a skill, such as that 
of dividing by a fraction. Error studies 
disclosed points of difficulty in learning 
which needed to be forestalled. Research 
as well as psychological and logical scru- 
tiny made it unmistakably clear that 
skills which to the adult are exceedingly 
simple are to the child far from simple. 
We had been guilty of asking children to 
progress by jumps or steps that were too 
large and that were presented too rapidly. 
As a consequence, major changes, mostly 
good, occurred in the organization of 
arithmetical content. 

Not everything that resulted from the 


first psychological research represented 
real progress. To illustrate: analyses of 
skills and other content yielded a host of 
details which seemingly had to be learned 
as such. For instance, there were said to 
be, not the traditional 390 simple number 
facts, but many hundreds more. (6+5 
=11, an accepted “fact,”’ was different 
from 36+5=41, as needed in the second 
multiplication in 6 X69.) Verbal problems 
could be classified into so many dozen 
‘“‘types,’”’ several with ‘“‘sub-types.’’ The 
skill of subtracting fractions comprised 
more than twenty “unit skills.””? At the 
time it was thought that gains from trans- 
fer of training were negligible in amount. 
Hence, the specifics of arithmetic—sub- 
skills, types, steps—had to be taught each 
by itself. Instruction as before continued 
to be largely the administration of repeti- 
tive practice, but now this practice was 
organized around artificial elements in- 
stead of around units much too large for 
economical learning. 

From what has been said it will be evi- 
dent that early psychological research 
concentrated upon the products of learn- 
ing. (Concentration at this point was 
natural since scientific inquiry was just 
beginning; moreover, it produced valuable 
information, as has been explained.) 
About 1925, again to select an approxi- 
mate date, interest began to swing toward 
a direct study of the process of learning. 
More refined measuring instruments were 
devised; more penetrating experimental 
investigations were instituted, and the 
methods of close observation and of the 
interview came into wider use. As a conse- 
quence, vital data were collected with 
reference to the work habits and thought 
procedures of children as they dealt with 
arithmetical tasks. 

It was demonstrated that teaching for 
transfer could yield large amounts of 
transfer and thus could reduce consider- 
ably the necessity of mastering isolated 
elements one by one. Too, it was shown 
that memorization, when introduced pre- 
maturely, blocked sound learning; or, 
stated differently, that children could be 
expected to profit greatly from instruction 
which emphasized understanding prior to 
repetitive practice. From all this research 
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and from experimentally oriented téach- 
ing emerged the notion that one ingredient 
in a functional program in arithmetic is 
provision for meaningful learning. 

It is not too much to say that one of the 
major developments in the past twenty 
years or so has been the attempt to dis- 
cover just what this concept of meaningful 
learning implies for the arithmetic pro- 
gram. One aspect of the development has 
been the effort to identify the meanings— 
ideas, principles, relationships, generaliza- 
tions—that are essential to arithmetical 
learning. These meanings, all of them 
mathematical in character, constitute a 
new content for the subject—something 
previously disregarded when mechanical 
rather than intelligent mastery of skills 
was the chief goal of instruction. Their 
presence in the current program is re- 
sponsible for the prevalent view that 
arithmetic has a mathematical aim as well 
as a social aim, that arithmetic, if it is to 
make sense to children, is to be taught as a 
branch or part of mathematics.* Accept- 
ance of this aim, far from lessening mas- 
tery of skills as a purpose in teaching, is 
thought to be the best assurance that 
real mastery will be ultimetely achieved. 

Another aspect of the movement to- 
ward meaningful learning is revealed in 
the search for more effective learning ma- 
terials and methods of instruction. Evi- 
dence of progress is to be seen in improved 
textbooks and the teachers’ manuals ac- 
companying them, as well as in locally 
prepared courses of study and teachers’ 
guides. Far more attention is given now 
than formerly to audio-visual aids, to the 
careful preparation of developmental les- 
sons before the assignment of abstract 
practice, and in more widespread use of 
oral methods as a means of gaining in- 
sights into pupils’ thought processes and 
habits of work. 


Study of the Learner 
By 1920 or 1925 the popular child study 
movement had evolved into the modern 
scientific inquiry into child growth and 
development. Physiologists, psycholo- 


* Not infrequently arithmetic is now called 
“elementary school mathematics.” 


gists, sociologists, and anthropologists all 
were acquiring more complete and more 
trustworthy data concerning child nature 
and concerning the changes to be expected 
in the individual as he moves from infancy 
to adulthood. As a matter of course these 
new data had their impact upon educa- 
tion. 

Sometimes one seems to note in the 
writings of experts in child development, 
at least in the writings of those most 
closely identified with education, the im- 
plication that the movement in question 
actually discovered the child—that prior 
to its inception teachers had been quite 
unaware of the child as they hammered 
away on subject matter. Nothing of course 
could be further from the truth. And 
sometimes one sees in these writings alto- 
gether too much maudlin sentimentality, 
which makes the child an exceedingly 
delicate and fragile being incapable of 
dealing seriously with real problems. 
Again, to be dogmatic, nothing could be 
further from the truth. Despite these 
criticisms, the movement did have health- 
ful consequences. There is space here to 
mention but three. 

(a) Students of child development have 
made explicit a point of view that had not 
been any too widely recognized, in prac- 
tice if not in theory. They have empha- 
sized the fact that there is more to the 
child than brain, or mind, or intellect. 
Equally important are his emotions, his 
attitudes, his values, and his abilities to 
live intelligently and cooperatively with 
his fellows. Instruction in arithmetic, as 
in other subject matter fields, must be or- 
ganized accordingly, with an eye to a 
more wholesome and healthier classroom 
atmosphere. 

(b) They have given wider currency to 
the concept of readiness and have stressed 
the wisdom of careful pacing of instruc- 
tion. Good pedagogy in arithmetic today 
respects these ideas, and plans are made 
to prepare children emotionally and ex- 
perientially for each new forward step in 
instruction and to regulate rate of presen- 
tation according to ability to learn. 

(c) They have called to our attention 
that children, no less than adults, have 
their own interests and needs, and that it 
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is folly to disregard them in teaching. 
Some of these interests and needs relate 
to arithmetic; hence, they serve both to 
motivate new learning and to provide oc- 
casion for using what is learned. As a re- 
sult, we no longer think of the social aim 
of arithmetic as pertaining exclusively to 
adult life. On the contrary, we embody 
new arithmetical skills and ideas in social 
situations of significance to children, and 
we arrange for them to apply these skills, 
once learned, in solving their daily prob- 
lems both in and out of school. 


In Summary 

This article is entitled ‘“‘The Revolution 
in Arithmetic.” “Revolution” is a strong 
word. It is however justified in the present 
context if one compares only the extremes 
—what arithmetic was in 1900 and what 
it is today. Actually of course the process 
of change has been one of evolution, for 
each modification has emerged from a 
given status and has led to the next modi- 
fication. The steadying and stabilizing in- 


fluence in this period of evolution has 
been what I have called the search for a 
functional curriculum. 

It is rather generally agreed now that, 
in order to affect life as it can and should, 
arithmetic has both a mathematical aim 
and a social aim. To be intelligent in 
quantitative situations children must see 
sense in the arithmetic they learn. Hence, 
instruction must be meaningful and must 
be organized around the ideas and rela- 
tions inherent in arithmetic as mathe- 
matics. But they must also have experi- 
ences in using the arithmetic they learn in 
ways that are significant to them at the 
time of learning, and this requirement 
makes it necessary to build arithmetic 
into the structure of living itself. We have 
no choice; we cannot emphasize one of the 
two aims, to the exclusion of the other. 
Both aims are essential to a functional 
curriculum in arithmetic, and both are at- 
tainable. Indeed, both are now being at- 
tained under the conditions of good in- 
struction. 
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The April issue of Tae ArtrHmMetic TEACHER 
will have articles aimed particularly for help to 
teachers and supervisors in meeting the prob- 
lems arising in the closing months of the school 
year and those bearing upon planning for the 
coming year. Articles and discussions of topics 
such as the following will be found in this issue: 
“Trends Shown in Some Newer Courses of 
Study”; “How to Use Textbooks and Work- 
books in Learning Arithmetic’; ‘‘A Bibliog- 
raphy for Teachers’”’; ““The Aims of a Functional 
Program of Arithmetic’; and “How to Make 
Arithmetic Function in the Lives of Children.” 

It is expected that articles in the first two 
issues of THe ARITHMETIC TEACHER will stimu- 
late discussion among teachers and raise a num- 


ber of questions. The editors would like teachers 
to send in specific questions dealing with instruc- 
tional problems. Questions which have a general 
appeal will be answered in the journal. As the 
journal progresses it aims to deal more and more 
with items that will be helpful to teachers in 
their daily work of instruction in arithmetic. 
What are the big problems? Correspondence 
may be sent to either: 

Prof. Esther Swenson, Associate Editor 

THE ARITHMETIC TEACHER 

University, Alabama 

Ben A. Suez, Epitror 

THE ARITHMETIC TEACHER 

State Univ. Teachers College 

Cortland, New York 











Fostering Discovery with Children 


C. L. THIELE 
Divisional Director, Exact Sciences, Detroit Public Schools 


HEN THE ASSERTION is made that 
W arithmetic is being taught meaning- 
fully, it is legitimate to ask how are mean- 
ings obtained by children. Are meanings 
given to children by teachers and/or text- 
books through explanation, demonstra- 
tion, and illustration, or are meanings 
being discovered by the pupils themselves 
with the aid of teachers and textbooks? 
These two questions represent extreme 
variations in opinion about appropriate 
methods of teaching arithmetic. Although 
little support can be found for a method 
of teaching arithmetic, in fact, for the 
teaching of any school subject, which fea- 
tures telling, showing, describing, and il- 
lustrating, this method is still widely used. 

It is not the purpose of this article to 
offer a comparison of the two methods. 
Such a comparison was made in admirable 
fashion by Spitzer! in the Fiftieth Year- 
book, Part II, of the National Society for 
the Study of Education under the title of 
“Learning and Teaching.” Instead, this 
article will deal with practica) problems 
encountered in fostering discovery of gen- 
eralizations and meanings by children in 
their study of arithmetic. 

The presentation will take the following 
form: 

First, three sample or type lessons will 
be described somewhat in detail. 

Second, implications drawn from the 
three illustrations will be discussed. 


Sample Lesson I. Discovering a Generaliza- 
tion Related to a Family of Addition Com- 
binations (Second Grade) 


Purpose 
To guide pupils in the discovery of 
meanings which will lead them to add two 


numbers by regrouping them as “ten and 
so Many more.” 


1 Spitzer, Herbert F. Learning and Teaching 
Arithmetic. Fiftieth Yearbook, Part II, The 
Teaching of Arithmetic. National Society for 
the Study of Education, pp. 120-142, 1951. 


Readiness—Previous Experience 


The pupils already have a concept of 
addition. 

They know how to record numbers for 
purposes of addition. 

Objects can be grouped in tens. 

The pupils are able to add numbers to 
10. 


Problem Setting for the Lesson 


On this day the class is to have a rum- 
mage sale in their play store. 

They are to buy two articles, one which 
costs 9¢, and the other an amount be- 
tween 3¢ and 8¢. 


Materials 


There are toys on one table or shelf with 
9¢ price tags on them. 

On the other table or shelf are toys 
priced from 3¢ to 8¢. 

Pupils have individual purses (usually 
envelopes) containing at least 17 play 
pennies and a few dimes. 


Procedure 


Before the rummage sale started the 
teacher suggested that only two articles be 
purchased, first one from the 9¢ table, and 
then one from the other table. The first 
pupil customer, Geraldine, selected a toy 
boat with a 9¢ label on it and an eraser 
marked 4¢. 

The teacher then said, ‘Let us all find 
out how much Geraldine owes. You know 
what to write on your papers.” A quick 
look indicated that the children wrote on 
their papers: 9¢ 

+4¢ 


Next the teacher suggested that the chil- 
dren, as was their custom, lay out play 
pennies for each article on their desks 
while Geraldine counted out pennies at 
the front of the room. (The pupils were in 
the habit of laying out pennies in horizon- 
tal rows for each article purchased.) A 
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check revealed that the children had 
placed nine pennies in one row for the boat 
and four in another for the eraser. Before 
the children had a chance to count the 
pennies in the two rows to find the sum, 
the teacher made this announcement: 
“Now that you are almost through the 
second grade, I wonder how many of you 
can pay with a dime and some pennies in- 
stead of with a lot of pennies. They take 
up too much room.” 

Already knowing how to count out the 
required number of pennies for a dime, the 
problem was quickly solved by some of 
the children. The teacher noted that in 
finding the answer some of the children 
actually moved one penny from the four 
row to the row with nine in it to obtain 
ten pennies, wiich in turn were ex- 
changed for a dime. Others counted the 
first nine and continued into the second 
row to obtain a dime’s worth of pennies. 
To a few of the pupils it was necessary for 
the teacher to say: “I have some dimes 
which I will give you for a dime’s worth of 
pennies when you have counted them 
out.” 

Soon the children were ready to show 
and tell the teacher that the two toys 
would cost a dime and three pennies or 
thirteen cents. At the suggestion of the 
teacher, the sum was written correctly 
with the 3 in the one’s place and the 1 of 
13 in the ten’s place. 

The procedure of selecting two articles 
and announcing their prices with the 
pupils recording the numbers in the form 
of addition problems, counting out pen- 
nies to pay for each article, changing ten 
pennies for a dime, and thus obtaining the 
total, was continued until the teacher 
thought the majority of the pupils were 
ready to move to a higher level of number 
thinking. After the next purchase the 
teacher said, “This time I wonder how 
many people are able to find out how 
much the two toys cost without laying out 
pennies and changing some of them for a 
dime. If you think you can, just write your 
answer where it belongs, but if you still 
want to lay out pennies you may do so.”’ 
The majority of the pupils recorded the 
correct answer and were able to point to 


the figures on their papers and tell what 
they would have done if, in finding the 
answer, they had counted out ten pennies 
and changed them for a dime. The teacher 
gave special help to those who had not 
discovered that they could mentally re- 
group a nine and another number as ten 
and so many more. This she did by relat- 
ing their number records to the previous 
manipulations with the pennies and 
dimes. For example, referring back to 
9¢, 
+4¢ 
13¢ the teacher asked the children how 
they made a dime, where did they get the 
other penny, etc. Then referring to a new 
addition problem like  9¢, 
+7¢ the teacher 
asked the pupils if they could point to the 
numbers and tell what they would do if 
they actually went through the same steps 
again. Soon they indicated that they had 
discovered, for example, You just take 
one of the seven pennies and put it with 
the nine and you have a dime and six 
pennies. That is sixteen cents.” 
In closing the lesson, the children were 
checked with a set of problems like: 


, 8.5% 8.92.8 2 
+8 +4 +6 +3 +7 +45 +49 


Many of the children were able to tell 
orally how they would pay 19¢ and 4¢ 
with dimes and pennies, and also 19¢ and 
8¢, 29¢ and 3¢, and 39¢ and 5¢. A few 
children also were able to make ‘‘tens and 
so many more” in adding numbers to 8. 
Thus an important generalization which 
has wide application was discovered. 


Sample Lesson II. Discovering a Generali- 
zation Related to Adding Unlike Fractions 
(Fifth Grade) 


In reconstructing the sequence of events 
in this lesson, the reader is urged to bear 
in mind that the place of the teacher in- 
terested in fostering discovery is to lead, 
guide, and stimulate, but not to tell, 
demonstrate, explain, or illustrate. In this 
procedure the importance of insightful 
questioning will be recognized. 
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Purpose 


To help pupils discover a broad general- 
ization which will enable them to combine 
two unlike fractions was the aim of the 
teacher. 


Previous Experience 


The pupils already had divided wholes 
and parts of wholes into different sized 
parts. They had put like sized parts to- 
gether to make wholes and parts of 
wholes. Care had been taken to give the 
pupils a thorough acquaintance with 
fraction meanings and nomenclature be- 
fore computation of any kind was intro- 
duced. 


Problem Setting for the Lesson 


The teacher focused the attention of the 
children on the problem of increasing the 
width of the } inch margin on their papers 
by 3 of an inch. 


Materials 


There were learning aids at hand in the 
form of cardboard fraction parts, among 
which were wholes, halves, fourths, 
eighths, sixteenths, thirds, sixths, twelfths 
fifths, and tenths. The parts were not 
labeled. 


Procedure 


After restating the problem at hand the 
teacher asked: ‘Do you think that you 
can show with your fraction parts as well 
as on your papers with numbers how wide 
you will make the margin?” The children 
placed 4 and 2 parts together on their 
desks and recorded the problem with the 
correct answer, 3/4. 

The teacher said: ‘‘I agree that is the 
correct answer, but I can’t tell from your 
papers how you got the answer. Could 
you show why 3/4 is correct with your 
fraction parts?’”’ The pupils experienced 
little difficulty in placing 2 fourths over 
the 4 and thereby accounted for the 3 
fourths. 

The pupils then were faced with a prob- 
lem which involved adding 1/8 to 1/2. 
They recorded the problem and placed a 
1/8 fraction part with a part 1/2 in size, 


but could not tell exactly how large the 
two fractions together were. 

At this point the teacher returned to the 
addition of 1/2 and 1/4 just completed. 
Questioning brought out that in that: in- 
stance the 1/2 was changed to fourths, the 
size of the smaller fraction. The teacher 
asked: ‘‘Does that help you?’’ Soon the 
pupils placed cardboard parts 1/8 in size 
over the 1/2 part and obtained the sum 
5/8. Since pupils cannot be expected to 
discover algorisms, which are conventions 
adopted by mathematicians, the teacher 
showed them the customary way of re- 
cording the numbers in this form: } = 


1 


| 


itn | Gol Dole 


c= 


The pupils were faced with other prob- 
lems such as 1/4+1/8 and 1/3+1/6. At 
the appropriate time the teacher chal- 
lenged the pupils to omit the step of 
manipulating fraction parts and instead 
to make the manipulations mentally. In 
checking answers, the pupils were asked 
to tell how they might have solved the 
problems had they employed learning 
aids. 

The lesson closed with the presentation 
of the problem 1/2+1/3. The pupils indi- 
cated that they could not cover the 1/2 
evenly with thirds as they had been doing. 
But they were quick to indicate that they 
could combine pairs of fractions, 1/5 and 
1/10, 1/6 and 1/12, and 1/8 and 1/16 be- 
cause they knew that the larger fractions 
in each case could be divided into parts 
the size of the smaller fractions. 

The lesson was summarized by the 
pupils somewhat as follows: “Each time 
the larger fraction was changed into parts 
the size of the smaller fraction, and then 
all of the parts were counted.” ‘‘We only 
did it that way until we could look at the 
numbers and think how to work the prob- 
lems.” 


Sample Lesson III. Discovering a Generali- 
zation Related to the Multiplication of a 
Whole Number by a Fraction (Grade Six) 


Purpose 


When a class of sixth grade pupils 
found a need for multiplying whole num- 
bers by mixed numbers, the teacher 
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planned .a set of number experiences 
which would lead the pupils to discover 
the function of a fraction multiplier. In 
the thinking of this teacher, pupils should 
sense the function of the fraction when 
multipliers such as 44, 3}, 53, and the like, 
are first used. 


Previous Experience 

In whole number multiplication, the 
pupils had learned to give consideration to 
relationships between multipliers and 
products. For example, if uncertain about 
the product of 8X7, they would be apt to 
think 4*7=28 and two 28’s equal 56. 


Problem Setting for the Lesson 


The attention of the class was shifted 
from the problem at hand to a whole num- 
ber multiplication exercise (see A below), 
which had been placed on the blackboard. 


Procedure 


After the products had been given by 
the pupils and recorded as in B, the 
teacher sought to help the pupils discover 
the function of a fraction multiplier. 


(A) (B) 

6X8 = 6x<S=48 
XS 5x8 1() 
1X 1x8 =32 
3x8 3X8 =24 
2X8 2X8=16 
1XS= 1x8= 8 


First the pupils were asked to read the 
multiplications two or three times starting 
with 6X8=48. They were then asked to 
indicate what they noted. Their responses 
included the following: 


“8 is multiplied each time.” 

“As the multipliers become smaller the 
products also become smaller.’’ 

“When 8 is multiplied by 1, the product is 
. 


When asked to look more closely at cer- 
tain pairs of products, responses like these 
were made: 


“3 times 8 is 24. 6 times 8 is 48. That is 
twice as much as 24,”’ 

“The 6 is two times as much as the 3.” 

‘2 times 8 is half as much as 4 times 8,”’ 


‘4 times 8 is 4 times as much as 1 times 8.”’ 
“6 times 8 is 6 times as much as 1 times 8.”’ 
‘1 times 8 is half as much as 2 times 8.” 
“1 times 8 is a third of 3 times 8.” ete. 


The next step was taken when the 
teacher was satisfied that the majority of 
the pupils perceived that when the multi- 
plicand is not changed the products be- 
come proportionately smaller as the mul- 
tipliers become smaller. 

Next the teacher wrote 1/2X8=? di- 
rectly below 1 X8=? and asked the pupils 
to write the product. Examination indi- 
cated that many wrote 16. The teacher 
then asked the pupils to read the separate 
multiplications, again beginning with 
6X8=48. They soon discovered that in- 
stead 16 was the product of 2 times 8. 
Individual pupils then corrected the error 
of thinking 1/28 is 16 with statements 
such as: “The answer couldn’t be 16 be- 
cause 1X8 is 8. The answer has to be one 
half as much, or 4.”’ 

The teacher in turn added 1/4X8=? 
and 1/8X8=? to the list. The correct 
products were given and relationships be- 
tween the multipliers and the products 
were noted. Thus the pupils were moved 
on the way to a discovery of the general- 
ization that when whole numbers are 
multiplied by fractions, the products are 
smaller than the multiplicands. More 
specifically, they became aware of the re- 
lationship between :a product resulting 
from multiplication by 1 and a fraction 
multiplier. 

Several implications may be drawn 
from the descriptions of the sample les- 


Sons: 


1. Preparation 


In fostering discovery with children, 
the arithmetic teacher must know the 
path which the children are to follow. 
More specifically, the subject of arith- 
metic must be known in terms of larger 
generalizations around which learning will 
be structured. For example, there is a vast 
difference between viewing the addition 
facts as groups of combinations arranged 
according to the magnitude of their sums, 
and seeing them in terms of larger general- 
izations. Although there may not be com- 
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plete agreement on what constitutes the 
major generalizations that relate to the 
addition facts, ‘making tens and so many 
more”’ finds wide acceptance. That many 
addition facts may be related to the so- 
called “doubles,” as, for example, 4+3 
and 4+5 to 4+4 and 12+11 and 12+13 
to 12+12, etc., also is widely accepted. 

Examination of textbooks prepared by 
progressive minded authors will reveal the 
generalizations which each favors. The 
reader is also referred to three publications 
by Buckingham,? Spencer and Bryde- 
gaard,* and Harding‘ in which the authors 
describe generalizations in terms usable 
by teachers. 


2. Teachers Guide Pupils to Discovery 


The chief concern of the teacher foster- 
ing discovery with children is to help chil- 
dren discover things for themselves. The 
teacher tells, explains, illustrates, and 
demonstrates sparingly. Instead, by set- 
ting problems and clever questioning, he 
leads children to make their own dis- 
coveries. Contrast the familiar way of ex- 
plaining and illustrating the addition of 
unlike fractions when the larger denomi- 
nator is the common denominator, by the 
method of first changing to like terms and 
then adding the numerators, with the pro- 
cedure described in Sample Lesson 2. The 
teacher was not concerned with explana- 
tions regarding common denominators or 
like terms. His aim was to guide pupils in 
their efforts to solve problems, first by 
fitting smaller fraction parts exactly on 
larger fraction parts, and, later by think- 
ing through (or analyzing) the procedure. 

Obviously the ease and the speed with 
which children make discoveries will differ 
greatly among children. Necessarily learn- 
ing must be broken into smaller steps for 
some children than for others. The point 
is that the children move at their own 
rates of understanding. 


? Buckingham, B. R. Elementary Arithmetic 
—Its Meaning and Practice. Ginn and Com- 
pany. 1947. 

3 Spencer, P. L. and Brydegaard, Marguerite. 
Building Mathematical Concepts in the Ele- 
mentary School. Holt. 1952. 

‘ Harding, Lowry W. Functional Arithmetic: 
Photographic Interpretations. Wm. C. Brown 
Co., Dubuque, Iowa. 1952. Price $2.00. 


3. The Use of Learning Aids Must be 
Geared to the Abilities of Pupils 


While the laboratory approach is fre- 
quently used to promote learning by the 
discovery method, it is not the rule. The 
three sample lessons were selected to show 
three levels of quantitative thinking. In 
the first lesson real things were employed 
by the pupils, i.e., play pennies, dimes, 
toys, ete. In the fraction lesson represen- 
tative material, cardboard fraction parts, 
were substituted for parts of objects with 
which pupils were familiar. In fact, draw- 
ings representing fraction parts might 
have been used effectively instead of the 
fraction parts. The last lesson was taught 
entirely without the benefit of learning 
aids because the pupils earlier had ac- 
quired meanings which enabled them to 
sense multiplier and product relation- 
ships. 

Efficient teaching requires that the 
starting point for new learning include ex- 
periences for which pupils are ready. 
Time and energy may be needlessly spent 
if children are encouraged to use learning 
aids on all occasions. 


4. Children Cannot be Expected to Discover 

Everything 

There are some things which the race 
has evolved which children cannot be ex- 
pected to discover, as, for example, how 
numbers are written and the forms in 
which numbers are recorded to facilitate 
operations with numbers. In the second 
lesson the teacher demonstrated and ex- 
plained how the unchanged fraction was 
written under the changed fraction for 
purposes of addition. 

The algorisms of arithmetic in a sense 
have little relationship to basic meanings. 
Children cannot be expected to discover 
the language of arithmetic either. Lan- 
guage is invented to convey meaning. It 
will be noted that the teacher of the sec- 
ond lesson made no attempt to introduce 
terms such as numerator and denomina- 
tor, and like terms. The children chose to 
call common denominators ‘“‘same sized 
parts.”” When meanings have been estab- 
lished, the vocabulary of arithmetic may 
be substituted only to make communica- 
tion easier. 
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5. New Learnings Must be Rooted in the 
Familiar 


At all times the path of learning is from 
the known to the unknown. Steps in 
learning become reorganizations of knowl- 
edge at hand. The second grade pupils in 
the first lesson could not have discovered 
how to “make tens and so many more” 
had they not already known how to group 
objects in tens and how to add numbers to 
ten. Certainly the pupils in the fraction 
lesson could not have fitted smaller frac- 
tion parts evenly on larger parts without 
their previous experience of separating 
larger fractions into smaller parts and of 
combining smaller parts to produce larger 
ones. The familiar then comprises at least 
one of the ingredients in readiness for new 
learning. Without readiness, discoveries 
cannot be made. 


6. Learning Is Recognized as a Growth 
Process 


If discovery is to be fostered, the learner 
must be an active participant in the learn- 
ing process. He will make contributions of 
his own as he learns. The development of 
ingenuity and resourcefulness on the part 
of the learner will become the prime pur- 
pose of teaching. It is this which, so-to- 
speak, “‘snowballs’’ as pupils pass through 


the grades. In the use of the discovery 
method, learning may not seem to be as 
rapid in the lower grades as under a 
method which does not stress and foster 
discovery, but the development of in- 
genuity and resourcefulness pays large 
dividends in the later grades. 


Conclusion 


In advocating a method of teaching 
arithmetic which fosters discovery on the 
part of children, the writer is aware of the 
obstacles which many teachers must face 
who wish to teach by that method. Among 
other things, the method requires great 
skill on the part of the teacher. Materials 
and space in which to use them are pre- 
requisites. Growth is difficult to measure. 
Large classes offer many difficulties. Indi- 
vidual differences become very trouble- 
some. 

In spite of all of these, the rewards are 
many. Especially, it is highly rewarding 
to witness the joy that comes to children 
as they discover. There is satisfaction also 
in seeing children ‘‘think’’ themselves out 
of difficulties. Above all, the teacher can 
pride himself in the knowledge that the 
worth of individual boys and girls is being 
recognized. The procedure represents de- 
mocracy in education. 





THE CINCINNATI MEETING, APRIL 20-24, 1954 


The thirty-second annual meeting of the Na- 
tional Council of Teachers of Mathematics will 
be held at the Sheraton-Gibson Hotel in Cin- 
cinnati, April 20 to 24 inclusive. At this meeting 
more than twenty papers and discussions will 
deal with arithmetic. The meetings devoted to 
the mathematics of the elementary school have 
always proved to be both stimulating and in- 
formative and frequently are the center of 
spirited discussion. 

The participants in these meetings come 
from all sections of the country and the range of 
topics includes many aspects of curriculum con- 


tent, methods of teaching, research, and testing 
and evaluation. To name but a few topics: “The 
Place of Drill in Achieving Functional Compe- 
tence in Arithmetic’’; “‘Utilizing Dramatization 
and Visual Representation to Improve Problem 
Solving Ability’; “The Effective Use of Diag- 
nostic Procedures in Arithmetic’; ‘“Key Con- 
cepts and Generalizations in Arithmetic in 
Grades 1—6’’; ‘Curriculum Trends in the Teach- 
ing of Arithmetic’’; ““Long Division—A Trouble 
Spot’”’; “Beginning Arithmetic, Some Whats and 
Hows”; and “Classroom Activities Which De- 
velop and Reinforce Meanings in Arithmetic.” 








Dilemmas Confronting the Teachers of Arithmetic 


Foster EK. GROssNICKLE 
State Teachers College, Jersey City, N. J. 


FREQUENT CRITICISM directed towards 

public elementary and secondary 
schools concerns the failure of their stu- 
dents to demonstrate adequate prepara- 
tion in the fundamental subjects. This 
particularly holds true in arithmetic. A 
recent report gave the findings of a survey 
conducted in New York City concerning 
the preparation of former high school stu- 
dents in basic subjects. At the time of the 
investigation, these students were em- 
ployed in commerce, industry, and the 
professions. 

A total of 288 firms representing 15 dif- 
ferent industries in New York City par- 
ticipated in the survey. The number of 
former students involved approximately 
21,000 graduates of high school, 9000 who 
were not graduated from high school, and 
2000 part-time students in high school. 
The consensus of 55 per cent of 260 firms 
or organizations reporting on arithmetic 
maintained that the students tested did 
not demonstrate sufficient basic training 
in that subject. According to the report, 
the students’ achievements in spelling and 
grammar were less favorable than in 
arithmetic.! 

Another report pointing to the in- 
adequacy of achievement in arithmetic 
was given by a representative of one of 
the country’s largest department stores 
located in Detroit. This study involved 
students who were graduated from our 
public schools. “‘. . . we have a fairly rep- 
resentative sample of the Detroit popula- 
tion and its scholastic accomplishments, 
but we assure you that our people are 
strangely lacking in a knowledge of arith- 
metic....I have never been able to 
understand what lack in our schooling 
methods has permitted this fundamental 
skill to deteriorate. In my humble opinion, 
somewhere in the school program we must 


1 Survey on High School Training for Busi- 
ness,’’ Industrial Relations Bulletin. Commerce 
and Industry Association of New York, Inc., 
Volume I, No. 2, May 28, 1953. 


change teaching methods in order to im- 
press on the youngsters the necessity for a 
thorough understanding, knowledge and 
skill in the use of simple arithmetic.’ 
Criticisms of the kind given are not con- 
fined to any one section of the country. 


Dilemma of Standards or Continuous 

Promotion 
Today the teacher of arithmetic is 
caught between opposing forces. On the 
one hand there is the force of public de- 
mand for greater competency in arith- 
metic. On the other hand there is the force 
of the group which is interested in the 
total personality of the child. Proponents 
of child growth and development have 
demonstrated that achievement in sub- 
ject matter is only one of a number of dif- 
ferent factors affecting the personality of 
the pupil. It is highly important for a 
pupil to make progress through school 
with his own age group. A plan of this 
kind results in continuous promotion 
which is not always conducive to success- 
ful achievement in arithmetie in the upper 
grades. In a program emphasizing mean- 
ingful learning in arithmetic, readiness for 
new work at each succeeding grade de- 
pends primarily on an understanding of 
the work of the previous grades. There- 
fore, the teacher faces the dilemma of 
meeting the demands of the business 
world or the teaching of psychology con- 
cerning the proper adjustment of the 
pupil to his environment. Unfortunately, 
these two forces do not always supplement 
each other. 

It is not the purpose of this article to 
evaluate the practice of continuous pro- 
motion. This widely practifed administra- 
tive procedure has a great/effect on teach- 
ing a given subject, espefially arithmetic. 
Continuous promotion increases the range 
in pupils’ backgrounds at each succeeding 

2 Stephenson, FE. C. ‘Mathematics in a Retail 
Store,” Mathematics Teather, 46: 19-20, Janu- 
ary, 1953. i 
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grade level. Under this plan, the designa- 
tion of a grade implies that most of the 
pupils have about the same chronological 
age. The pupils in a sixth grade may range 
in achievement in arithmetic from the 
third grade to the seventh or even to the 
eighth grade. The problem of dealing with 
individual differences is accentuated by a 
policy of continuous promotion. The 
wider the range in ability in a class, the 
more difficult becomes the problem of 
meeting individual needs. 


Dilemma of Time for Growth or for 
Memorization 


The second dilemma the teacher faces 
deals with the problem of how a pupil 
learns numbers. Most teachers today ac- 
cept the principle that a pupil should 
understand what he learns. It is impossi- 
ble to have teachers agree upon all of the 
characteristics of a program in which the 
work will be meaningful to the pupil. 
However, most teachers would agree that 
in a program of this kind the pupil must 
have opportunities to discover facts and 
principles for himself. In initial learning, 
the role of discovery replaces repetition as 
employed in rote learning. 

In order to have a pupil make dis- 
coveries in arithmetic, he must use ma- 
terials which are adapted to this purpose. 
Exploratory materials, such as an abacus, 
a flannel board, or a measuring cup, can 
be moved and touched, hence they are less 
abstract than symbolic materials of the 
printed page. Therefore, a program for 
discovering facts and processes must also 
provide for growth in dealing with ab- 
stractions. A pupil should first meet a new 
situation at the level of abstraction at 
which he is able to understand the opera- 
tion. Usually at this stage he needs to use 
objective materials. Then he should pro- 
gress through higher levels of abstraction 
until he is able to deal with symbols. 

The use of materials in discovering a 
fact may be illustrated by the report of a 
mother who had a daughter in the third 
grade. The child returning home from 
school reported that on the following day 
her class was to find how many quarts 
there would be in 10 pints. The mother 
asked, ‘‘How many pints are there in a 


quart?,”’ to which the daughter replied, 
or ‘wo.”’ 

Mother: “If it takes two pints to make 
a quart, how could you find how many 
quarts there would be in 10 pints?” 

Daughter: “I have 10 fingers, so I can 
let each finger be a pint.” 

Then she turned down two fingers at a 
time to represent a quart until she formed 
five groups of two fingers each. The girl 
found the answer to the problem to be five 
quarts. 

The solution of the problem at the low- 
est level of abstraction would consist in 
using pint and quart bottles. At the high- 
est level of abstraction, symbols would be 
used. The girl solved the problem by use 
of materials which indicated a level of ab- 
straction between these two extreme 
levels. She used a finger to represent a 
pint, therefore the material used was 
more abstract than the real object, such as 
a bottle. However, the use of fingers to 
represent a quantity is less abstract than 
the use of symbols, as 2)10. This girl 
could discover the answer to the problem 
by using objects, but not by using sym- 
bols. She would not fully learn how to 
solve this problem until she knows and 
understands how to find the answer by 
dividing 10 by 2. Therefore, this pupil 
must show growth in dealing with quanti- 
ties at different levels of abstraction. In 
the same way, other pupils who are unable 
to deal intelligently with symbols must 
use materials less abstract than symbolic 
materials for initial learning of a process. 
The process would be fully learned when 
the pupil understands the work with sym- 
bols. Hence meaningful learning consists 
in growth in dealing intelligently with 
quantities at successively higher levels of 
abstraction until mastery is achieved with 
symbolic materials. 

Learning numbers intelligently is a proc- 
ess of growth in dealing with quantities. 
Such learning is a slow process until basic 
concepts are developed, especially in the 
lower grades. To illustrate, it requires less 
time for a pupil to memorize the basic 
facts in addition by rote than to learn 
these facts meaningfully. In a similar 
manner, subject matter in other areas 
may be memorized by drill techniques 
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faster than can be learned by methods 
which insure understanding and mastery. 
Unfortunately, many courses of study 
have not given proper consideration to 
this factor. Mastery of a given topic in 
many courses of study and in most stand- 
ard tests is largely based on conventional 
placement of those topics or on the results 
of the study conducted about 25 years 
ago by the Committee of Seven. Neither 
of these plans gives a satisfactory basis for 
dealing with grade placement of a topic. 
The method of teaching the topic received 
little or no consideration. Drill techniques 
were the predominant instructional pro- 
cedures. Therefore, the result of this in- 
vestigation showed at what mental age a 
pupil could learn a given topic or process 
by rote. This study did not allocate a 
topic at the optimum place in the cur- 
riculum for learning the topic meaning- 
fully. As a result, some topics in the con- 
ventional third grade must be mastered 
too soon and others may be deferred 
longer than is necessary for pupil mastery. 

Improper placement of topics in the 
curriculum or in standard tests may be 
embarrassing to the teacher. She may be- 
lieve that discovery is basic in meaningful 
learning and that growth is essential to 
this form of learning. On the other hand, 
she may be obliged to have her pupils 
meet the requirements of the course of 
study or to make satisfactory scores on 
standard tests which are not geared to 
meaningful learning. The primary teacher 
in particular is faced with the dilemma of 
providing meaningful learning situations 
and thus covering less symbolic subject 
matter, or of putting more emphasis on 
rote learning and thus covering more sym- 
bolic subject matter so as to meet grade 
standards. This is a vital problem which 
confronts many teachers. A program de- 
signed for teaching arithmetic meaning- 
fully will never become effective until a 
teacher is relieved of making a choice be- 
tween these two alternatives. 

The problem of grade placement of 
topics in arithmetic and of grade stand- 
ards must be solved by experimentation 
with meaningful arithmetic. A notable 
example is shown by the course of study of 
the schools of New York City. Develop- 


mental arithmetic, as the program is 
designated, is based on experimentation 
with topics at respective grade levels in a 
program emphasizing meaningful arith- 
metic. Under such conditions, the teacher 
can be reasonably certain that the goals 
set for each grade should be achieved 
under proper instructional procedures. 

The teacher should not infer that less 
arithmetic must be taught in a program 
which emphasizes meaning than in one 
which relies upon repetition as a basis of 
learning. The grade level at which stand- 
ards of achievement must be met is the 
vital problem. At the Demonstration 
School of the State Teachers College at 
Jersey City, most pupils in the third 
grade almost always make scores below 
national norms on standard tests in arith- 
metic. The pupils in the fourth grade usu- 
ally make scores that are near national 
norms. By the time these pupils complete 
the sixth grade, the average achievement 
for this grade is well above the grade 
norm of standard tests in this subject. 
The teachers of these pupils understand 
that it takes time for pupils in the lower 
grades to build meaningful concepts. 
These teachers are not disturbed if their 
pupils’ achievements in the early grades 
do not meet national norms as measured 
on standard tests when dealing with sym- 
bolic materials. 

The teacher of arithmetic today fre- 
quently is caught between opposing forces 
in the fields of the curriculum and in the 
psychology of learning. The dilemma re- 
sulting from the curriculum is caused by 
the need for meeting standards of achieve- 
ment in arithmetic so as to satisfy the de- 
mands of the business world on one hand 
and the operation of the policy of con- 
tinuous promotion on the other. Fre- 
quently, these two forces work in opposite 
directions. The dilemma resulting from 
the psychology of learning is caused by 
the time needed for mastery of a topic in 
meaningful learning as compared to the 
time needed for manipulation of symbols 
by rote learning. The best solution to the 
problems presented by the first dilemma 
consists in having the teacher give more 
adequate supervision of each pupil’s 
achievement. The most satisfactory solu- 
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tion of the problems presented in the field 
of learning should result from experimen- 
tation with topics presented at different 
grade levels in a program which stresses 
meaning and understanding. The accept- 


ance of meaningful arithmetic is in 
jeopardy as long as a teacher knows that 
an evaluation of her instruction will be 
measured in terms of standards set for 
rote learning. 





The Arithmetic Teacher 


HE ARITHMETIC TEACHER is a quarter- 

ly journal published by The National 
Council of Teachers of Mathematics, a 
professional organization devoted to the 
improvement of the teaching of mathe- 
matics at all levels of instruction. This 
new publication should make professional 
reading on the teaching of arithmetic more 
accessible to elementary school teachers 
and as a result, the thinking of leaders in 
this field should be more readily reflected 
in school practice. Devoted to the im- 
provement of the teaching of mathe- 
matics in the kindergarten and the grades 
of the elementary school, THe Arita- 
mMETIC TEACHER will bring to teachers di- 
rect help on how to improve the teaching 
of arithmetic and knowledge and under- 
standing of the application of new ideas to 
classroom work from day to day. 

There are many indications of improve- 
ments in both the program in arithmetic 
and in the teaching thereof and in some 
respects have forged ahead of 
analogous desirable changes in mathe- 
matics at higher levels. It is hoped that 
THe AriTHMetic TEACHER will be read 
widely by teachers in the secondary 
schools and colleges so that they will be 
better informed about “what is going on”’ 
in arithmetic and the mathematics of the 
elementary school and thereby be able to 
build upon the program developed in the 
elementary school. 

The official journal of the National 
Council of Teachers of Mathematics has 
been The Mathematics Teacher, in which 
have appeared articles of special interest 
to elementary school teachers. The new 
journal will make available more space for 
professional writing. While there will be 
some overlapping between the two jour- 
nals, especially with reference to grades 7 
and 8, in the future articles dealing with 


these 


the arithmetic of the elementary school 
which appear in The Mathematics Teacher 
will concern chiefly an interpretation of 
lower school trends and practices for sec- 
ondary school teachers. Those who are 
responsible for these publications believe 
that elementary school: teachers can 
profitably continue to read The Mathe- 
matics Teacher, for it is desirable for 
teachers at the early level to have some 
familiarity with what is ahead for their 
pupils. 

In many school systems teachers of 
mathematics at all levels are meeting to- 
gether to discuss common problems and to 
develop mathematics programs as a con- 
tinuous sequence from kindergarten to 
college. The publication of two journals 
might appear to discourage this sound 
movement, but in actuality, the two jour- 
nals, parallel and in cooperation, should 
serve to bring the groups together. It is 
expected that the editors of both Tur 
AritHMetic TEAcHER and The Mathe- 
matics Teacher will find much mutuality 
in bringing to their readers the best think- 
ing and the better school practices of 
their respective levels. 

The National Council of Teachers of 
Mathematics inaugurates the service of 
its new journal full of confidence and hope. 
We believe that we have obtained the 
best available talent in the editor, Ben A. 
Sueltz, and the associate editor Esther J. 
Swenson. The editors and the contribu- 
tors have our gratitude and our good 
wishes, and most of all, the readers of THE 
ARITHMETIC TEACHER have our most sin- 
cere welcome to share with us this exciting 
venture into a new field of publication. 


JoHn R. Mayor, President 
The National Council of 
Teachers of Mathematics 








Grouping Children for Arithmetic Instruction 


CuHARLES E. JOHNSON 
School of Education, University of Kansas 


FEW DECADES AGO a public school 

teacher could be reasonably certain 
that the majority of the children in his 
room were capable of attaining the mini- 
mum level of achievement suggested by 
the course of study. Today the situation is 
changed. In the past mainly those who 
could meet these minimum requirements 
remained in school. Now all children are 
required by law to do so. Currently, in 
many schools, slow learners are promoted 
with their chronological age group in an 
attempt to assure the social and emotional 
development of all children. For the same 
reason the rapid learners, who formerly 
“skipped” grades, are now frequently held 
with their chronological age group. Thus, 
it is evident that in the public schools to- 
day there is an ever increasing range in 
academic achievement among the chil- 
dren. This situation creates many prob- 
lems when children are taught en masse. 
Rapid learners are frequently allowed to 
coast through all the grades with a mini- 
mum of challenge while slow learners are 
often frustrated by tasks which demand 
more than they are capable of achieving. 
‘Most people would agree that ideally 
each child, at all times during his continu- 
ous development, should be challenged to 
reach his maximum intellectual, social 
and emotional growth. Teachers are 
therefore confronted with the problem of 
how to adjust teaching procedures so that 
maximum allowance may be made for 
individual differences. The purpose of this 
discussion is to outline one such procedure 
which may be used in the teaching of 
arithmetic. It is that of guiding the ac- 
tivities of three groups of children, work- 
ing at different levels, within a single 
arithmetic period. Similar procedures are 
currently being used for the teaching of 
reading. 
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Forming the Arithmetic Groups 

The first step in forming arithmetic 
groups should be to estimate the arith- 
metic potentiality and level of achieve- 
ment of each child. This may be done by 
examining scores obtained on standard- 
ized achievement tests, by considering 
capacities suggested by mental ages, and 
by observing classroom work habits and 
achievement levels indicated by class- 
room work. In general the lower group is 
likely to contain those children who are 
substantially below the class average with 
regard to achievement and potentialities 
for achievement. Some of these children 
may never reach that level normally ex- 
pected of pupils in the grade to which they 
are assigned. The middle group is likely to 
contain those children who have the nec- 
essary background and are seemingly 
capable of learning those concepts and 
facts normally learned by pupils in the 
grade to which they are assigned. These 
children, by the end of the school year, 
will probably complete the work normally 
undertaken in this grade. The upper 
group is likely to contain those children 
who are capable of outstanding achieve- 
ment in arithmetic. Usually the records of 
these children will reveal that their mental 
ages are a year or more above the average 
mental age of the class and that there is a 
year or more discrepancy between their 
arithmetic age and their mental age. In 
most cases these children will have ac- 
quired a sound background in the arith- 
metic concepts and facts previously 
taught, and will be expected to acquire 
new learnings rapidly. Thus the teacher 
should expect that these children will 
exceed the level of work normally com- 
pleted by pupils in this grade. 

The following table illustrates how one 
sixth grade teacher might separate a class 
of thirty-three pupils into groups for 
arithmetic instruction. 


d 
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Mesie t Range in Range in No. of 
Groups Me aes ny Arithmetic Chronological Children 
; ge Age Age ‘ 
Low group 8-5 to 10-8 8-3 to 10-9 11-3 to 14-2 8 
Middle group 10-6 to 14-6 10-5 to 12-10 11-3 to 13-7 15 
High group 14-3 to 16-9 12—5 to 14-2 11-0 to 13-9 10 
Total 33 


It may be noted in the above table that 
had the teacher not grouped these children 
for instruction there would have existed 
the problem of teaching the same concepts 
and facts to the child with a mental age of 
8 years, 5 months at the same time that 
they were being taught to the child with a 
mental age of 16 years, 9 months. Cer- 
tainly such a practice would be wasteful of 
time and tend to result in emotional dis- 
turbances as well as in poor learning 
habits. 


Scheduling Groups for Instruction 


For daily instruction a time schedule 
similar to the one shown below may be 
prepared. 


Time Group A GroupB GroupC 
9:00-9:15 Study Lesson Study 
9:15-9:30 Study Study Lesson 
9:30-9:45 Lesson Study Study 


In this illustration a total of forty-five 
minutes is devoted to the arithmetic pe- 
riod. Group A is provided with thirty 
minutes of independent work or study ac- 
tivities after which the teacher works with 
the children for fifteen minutes. Group B 
receives instruction for fifteen minutes, 
then engages in independent study for half 
an hour. Group C is first given fifteen 
minutes for independent work or study, 
then receives instruction for fifteen min- 
utes, and completes the period with an 
additional fifteen minutes of time for inde- 
pendent work and study. 

Such schedules as the one shown here 
may be varied frequently to adjust to the 
children’s needs. When it is found neces- 
sary to spend more time with one group 
than with another the periods need not be 
of equal duration. Periodically the entire 
class might work together on a common 
problem or arithmetic unit. Or, for some 
specific purpose, a special group contain- 


ing some children from all groups might 
be given instruction while the remainder 
of the class works in some other area. 

It is frequently considered that the 
rapid learners will require less instruc- 
tional time than the slower learners. How- 
ever, some teachers have found that the 
rapid learners tend to regard the teacher 
as a consultant rather than as an instruc- 
tor. When the teacher is a consultant the 
program tends to become more individual- 
ized. For this reason teachers, in arranging 
time schedules, must be certain not to 
neglect the rapid learners. 

Children in the lower group tend to 
have comparatively short interest spans. 
Therefore, it is usually wise for the teacher 
to plan to work with them during a middle 
period when three periods are used. In this 
way there will be a more frequent change 
in activities for them. 


Selecting the Content and Materials 
of Instruction 


Since this organizational approach is 
designed primarily to provide each child 
with an opportunity to grow to the maxi- 
mum of his ability, no single set of ma- 
terials or grade level requirements may be 
established for all children. Under this 
program some children may be working 
with materials which represent a level 
considerably below what is normally ex- 
pected, while others may be working as 
many as three or more grade levels above 
the norm. 

As children pass from grade to grade 
teachers will have helped them to develop 
as much as is possible under the condi- 
tions for instruction. By the time these 
children have arrived at the sixth grade, 
some will probably have achievement 
levels as low as an “average”’ third or 
fourth grade child while others will be at 
a level more characteristic of the ‘‘aver- 
age”’ eighth or ninth grade child. 
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If children in the slow learning group 
have been previously taught by the con- 
ventional approach of teaching all chil- 
dren at once from the same textbook it is 
a wise plan for them to be provided with 
materials from other publishing com- 
panies since motivation may be difficult 
to achieve if the children have previously 
used these materials. 


Getting Started 


Revolutionary changes in routine tend 
to upset children. Therefore, unless the 
teacher feels confident that most of the 
children are ready for group work of this 
kind, it is a wise plan to institute changes 
in routine slowly. Many teachers have 
found it successful to begin by working 
with the rapid learners since these children 
are more frequently regarded as better 
adjusted, and in the past they have been 
somewhat neglected. Also, it tends to lend 
a favorable atmosphere to grouping for 
the slow learner since he has frequently 
been the only one singled out for special 
instruction. 

Teachers seeking an opportunity to be- 
gin work with the rapid learners may first 
note those kinds of activities which are 
not teacher-dominated yet which hold the 
attention of the entire class for a period of 
approximately fifteen minutes. One of 
these high interest activities is selected 
and is initiated at a time when the teacher 
wishes to begin group work. When it is 
noted that the majority of the class is in- 
volved in the activity, the teacher quietly 
notifies each of the children with whom he 
wishes to work to come to the back of the 
room. There they work under the teacher’s 
guidance. 

During the first period few if any new 
learnings are presented. The purpose is to 
establish group working conditions. It 
may be that the teacher will present these 
children with the same lesson that will 
later that day be presented to the re- 
mainder of the class. 

Over a period of a few weeks it has 
usually been found possible to establish 
conditions in which one group may work 
satisfactorily apart from the class in one 
or more skill areas. In a similar manner a 


third arithmetic group may be estab- 
lished. 


Working with Individuals 


It has already been mentioned that 
rapid learners tend to employ the teacher 
more as a consultant than as an instruc- 
tor. That is, once given the opportunity 
to do so, they tend to become self moti- 
vated and work beyond normal expecta- 
tions. This implies that learning ulti- 
mately becomes individualized for these 
children. Under these conditions, the task 
of lesson planning is not as difficult as it 
first appears to be since these children 
often use part of the arithmetic period to 
plan their work with the teacher. 

tegardless of the number of groups 
used for classroom instruction in arith- 
metic there will always be a noticeable 
range of individual differences within any 
one group. This means that grouping does 
not eliminate the need of giving special 
help to individuals when time and condi- 
tins provide an opportunity. 


Planning Lessons 


Upon first consideration many teachers 
agree that this approach is much better 
but consider it to be one which requires 
considerably more time and effort to initi- 
ate and to maintain than the conventional 
approach of teaching all children at once 
with the same materials. Teachers who 
have used this grouping procedure main- 
tain that in its initial stages it is more 
time consuming, but they also state that 
once it is in operation it takes about the 
same amount of planning time as does any 
other approach. They further agree that 
many behavior problems created by other 
procedures are reduced since the group 
being taught at any one time is smaller, 
and work assignments are more suited to 
each child’s level of achievement. Thus 
the general atmosphere of the classroom is 
such as to provide the teacher as well as 
the pupils with less emotional strain. 


Maintaining Groups 
Since children vary in rate of growth, 
flexibility in group membership should be 
maintained. The teacher should have an 
opportunity to transfer a child who is pro- 
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gressing rapidly to the next higher group, 
or to transfer a child who has seemingly 
leveled off to the next lower group. Chil- 
dren who are to be transferred from one 
group to another should, in most cases, 
receive individual attention to provide 
them with the necessary background. 

Some teachers have found it helpful 
when initiating groups to allow children 
who are borderline with regard to place- 
ment to work with two groups until it can 
be decided which group most adequately 
meets the child’s needs. 


Articulating with Upper Grades 


Some object to the institution of a plan 
such as the one outlined here on the basis 
that it would upset the programs of the 
teachers in immediately above 
those in which the plan was first insti- 
tuted. This objection does not appear 
tenable in the light of principles of good 
education. There is probably no one who 
would prevent a child who is physically 
ready to do so from learning to walk alone 
until he is fifteen months old despite the 
fact that the majority of research find- 
ings indicate that this is the median age 
for achieving this task. It is just as much 
in error for teachers to prevent children, 
who are ready to do so, from learning new 
facts and concepts which are normally as- 
signed for children in higher grades. 

However, it is a wise plan for teachers in 
a school system to coordinate their work 
in such a manner that there is continuity 
in learning activities for the children. It is 
therefore recommended that prior to the 
institution of a program such as this all 
teachers in the school discuss the nature of 
the program and examine the effect it 
would have on the curriculum as a whole. 
It would also be advisable for the ele- 
mentary school staff to exchange view- 
points with the junior and senior high 
school staffs. 


grades 


Changing Attitudes 
Some are likely to claim that achieve- 
ment grouping creates problems in social 
adjustment. They might hold that such 
procedures give the slower learners feel- 
ings of inferiority, and the more rapid 
learners undesirable attitudes of superior- 


ity. However, teachers who have used this 
form of grouping in arithmetic hold that 
if prior consideration is given to the estab- 
lishment of a classroom environment con- 
ducive to dealing with individual differ- 
ences then problems of this sort are not 
likely to arise. 

This suggests that the institution of 
grouping procedures should be preceded 
with a readiness program designed to es- 
tablish desirable attitudes toward indi- 
vidual differences. Such a program would 
include such elements as: minimizing the 
importance of letter grades or eliminating 
them altogether, placing emphasis upon 
growth in terms of past levels of achieve- 
ment rather than upon excellence in terms 
of an established norm, helping children 
to recognize those various skills or areas of 
knowledge in which they are compara- 
tively proficient, and directly teaching 
children about the personal and social 
values which result from the existence of 
individual differences. 


Grouping by Classrooms 


Many schools in larger communities 
have more than one classroom for each 
grade level. Teachers in these situations, 
who see value in the kind of grouping pro- 
gram outlined here, often suggest that it 
would be a good procedure to assign chil- 
dren to classrooms on the basis of average 
achievement; thereby reducing the range 
of individual differences in each classroom 
with regard to basic skills. Since children 
differ considerably in levels of achieve- 
ment among the skills such a procedure 
seldom proves to be effective in producing 
the homogeneity which would permit ef- 
fective instruction without grouping chil- 
dren within the classroom. 

Also, grouping by classrooms would fail 
in most cases to provide a learning en- 
vironment essential for the fulfillment of 
other important functions of public educa- 
tion. Such a procedure tends to overlook 
the fact that public education should be 
designed to produce citizens who will 
maintain democratic ideals. In other 
words, it tends to deny children the op- 
portunities to interact socially and share 
ideas in problem and content areas with 
that wider range of personalities, interest 
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groups, and socio-economic classes which 
would otherwise be present. In order to 
become an effective citizen a child in the 
public schools must constantly be pro- 
vided with opportunities to work and 
play with others whose personal, social, 
emotional, physical, and intellectual char- 
acteristics differ from his. 


Summary 

This discussion has attempted to out- 
line some of the practical aspects of a 
teaching procedure designed to provide 
for dealing with individual differences in 
arithmetic achievement among pupils. 
The procedure is one of guiding approxi- 
mately three groups of children, working 
at different levels, within a single work 
period. It is suggested that this procedure 
when wisely used does not create in chil- 
dren undesirable feelings of superiority or 
inferiority, nor does it prevent the de- 
velopment of a learning environment es- 
sential for the fulfillment of the social 
function of public education. 





FUN WITH NUMBERS 


Take any number such as 8452 and 


8452 from it subtract the number formed by 

2548 reversing the digits of the original num- 

5904 ber. The remainder will always be some 
multiple of 9. 

562482 Take another number as for example 


27 562482, add the single digits in the 
562455 number and subtract this sum from the 
original number. The sum of the digits 
in the remainder is always a multiple of 9. This 
type of exercise can be used as a puzzle. Ask 
anyone to do the work with any number, then 
have him cross out one of the digits in the re- 
mainder and read the remaining digits to you, 
you add the digits he has read and by supplying 
the digit needed to make the next multiple of 
nine, you know what digit he has crossed out. 
This seems amazing since you do all this without 
seeing any of the work. 

Suppose five pieces of chain of three links 
each are to be joined into a single piece of 
fifteen links at a cost of 5¢ for cutting a link and 
10¢ for welding it back together. How much 
should it cost to do this? 45¢, by cutting and 
welding three links only. 
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21ST YEARBOOK (1953) OF THE 
NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


The Learning of Mathematics, Its Theory and 
Practice applies recent discoveries concerning 
the nature of learning to classroom situations. 
The book answers many questions about drill, 
transfer of training, problem solving, concept 
formation, motivation, sensory learning, indi- 


vidual differences, and other problems. Many of 
the illustrations are from the elementary school 
field. Price postpaid, $4.00: to members of the 
Council, $3.00. Order from The National Coun- 
cil of Teachers of Mathematics, 1201 Sixteenth 
St. N. W., Washington 6, D. C. 


RESEARCHES IN ARITHMETIC 


Under the title Mathematics Education Re- 
search Studies—1952, 57 researches dealing with 
the teaching of mathematics are briefly de- 
scribed. Thirteen of these researches deal with 
arithmetic. Most of these studies are doctoral 
theses and are available through interlibrary 
exchange. Copies of the summary of these re- 


searches may be requested free from the U. 8. 


Office of Education, Washington 25, D. C. by 
asking for Cireu’»’ 377, July, 1953. This 
summary was pre} Kenneth E. Brown, 


Specialist for Mat! in conjunction with a 
committee of the i, ..:icaal Council of Teachers 
of Mathematics. 
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Creative Teaching Points the Way 
to help the brighter child in mathematics 


MARGUERITE BRYDEGAARD 
Associate Professor of Education, San Diego State College, San Diego, California 


“The hidden spark the spirit owns, 
if blown to flame would dim the stars.” 


HERE Is a “‘hidden spark” within each 
TT enita. In some children, the spark 
burns very brightly, and in others their 
spark will not set a room afire. However, 
the creative teacher realizes that it is diffi- 
cult to predict the growth of sparks that 
are released and given good kindling. 
Often the child who is considered average, 
grows and takes his place among the 
brighter because light dawns, and interest 
and challenge lift him from unconcern. 
Brightness is a matter of degree, and it is 
not a static thing. Cultivation determines, 
to a significant degree, the emergence as 
well as the development of the brighter 
child. The earlier in life the “hidden 
spark”’ is released and fanned, the greater 
are its chances for creative production. 


Creative Thinking in Mathematics 


Some of the best kindling for creative 
thinking is in the field of mathematics. 
This statement does not refer to creations 
that some children make with number 
facts—creations that teachers try to de- 
cipher! It refers to the type of creative 
thinking that takes place when the child is 
challenged to invent, understand, inter- 
pret, and apply basic mathematical con- 
cepts. It refers to the inspiration that 
comes with sincere appreciation and uti- 
lization of man’s genius in measuring how 
many and how much. It refers to the type 
of program in which the brighter child, 
along with his less bright classmates, is 
challenged to use his innate curiosity, 
powers of observation, and to formulate, 
test and apply mathematical concepts. 

tecognizing and challenging pupils to 
do creative thinking is a method of teach- 
ing used by good teachers the world over. 

1 Mearns, Hughes, 
tional Parent-Teacher, 


‘‘Unguessed Gifts,’”’ Na- 
35: 31 (December, 1940). 


Each subject area offers possibilities for 
such teaching, and creative thinking in 
any given area facilitates its development 
in other areas. Subject areas are interre- 
lated, fused, integrated. The greater the 
extent to which the teacher interprets the 
integration, the greater is the opportunity 
for development of creative thinking 
within the child. 


Recognizing the Brighter Child 


“Penny Wise and Pound Foolish”’ 

To recognize and evaluate the brighter 
child in terms of number work only is be- 
ing ‘‘penny wise and pound foolish.” In a 
program based on number work, the 
brighter child is often lost in an avalanche 
of number facts. ‘‘“Pound”’ wiseness leads 
to developing a program around building 
mathematical concepts, and having nu- 
merical computation grow out of the con- 
cepts. Less drill and more skill with nu- 
merical computation go hand in hand with 
this program. 

The child who tests high in numerical 
computation is not necessarily the brighter 
child in mathematical understanding. 
There are some pupils who are excellent in 
numerical computation who have a clois- 
tered wall of symbolism which they cannot 
apply. These pupils may be the conform- 
ists, the good memorizers, the good follow- 
ers of rules, the doers of many pages of 
textbook assignments. To the “penny 
wise and pound foolish” teacher, this type 
of pupil is selected as the brighter child in 
mathematics. 

Observation reveals that one group of 
the brighter pupils are those who are 
breathtakingly good in interpretation of 
mathematical concepts and yet average or 
even below average in facility with nu- 
merical computation. It is exceedingly im- 
portant that these pupils be recognized 
and classified among the brighter pupils. 
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It is generally true that when this type of 
pupil is commended for his fine under- 
standing and when he is helped to develop 
good methods for study, he makes strides 
in mastery of numerical computation. 
This type of pupil is easy to overlook in 
the usual program, while it is relatively 
simple to recognize the pupil who is excel- 
lent in both mathematical understanding 
and numerical computation. 


Observing the Brighter Child 


A good classroom teacher recognizes de- 
grees of brightness of pupils through ob- 
serving their behavior. Observation of fac- 
tors suc as the following reveals the 
brighter pupil in the program of mathe- 
matics for the elementary school: 

. ability to sense basic relationships 
and to formulate generalizations 

. ability to apply basic ideas and 
knowledge to new situations 

... intellectual curiosity and desire to 

learn 

... ability to express ideas and relation- 

ships 

... insight into problems and problem 

solving 

... developing good methods and pro- 

cedures for work in mathematics 
and other subject areas 

... sensing the how and the why of 
things 
good common sense .. . seeing dis- 
crepancies, sensing pertinencies, etc. 
. . facile, accurate work with numerical 

computation 


Testing the Brighter Pupil 


Tests are valuable instruments for 
measurement and evaluation of pupil 
progress. However, tests are not a substi- 
tute for teacher judgment, and the area a 
test measures is a limited one. The value of 
any test depends upon what it measures, 
how well the measurement fits the pupil, 
and how intelligently the teacher inter- 
prets the test and the pupil being tested. 
There is need to develop standardized 
tests that do a better job of measuring 
understanding of specific concepts, gen- 
eralizations, skill in applying ideas, and 
interpretation of numerical computation. 


Many tests of so-called problem solving 
are largely glorified numerical computa- 
tional exercises. 

Teacher-made tests—both oral and 
written—are indispensable helps in evalu- 
ation. Using a few simple but significant 
principles of test making, a teacher can 
develop tests to measure specific units of 
instruction. 


Helping the Brighter Child 


“Apron strings’ may be akin to an um- 
bilical cord, and some pupils are attached 
to their teacher’s “apron strings.’’ One of 
the best ways to help the brighter child is 
to loosen “apron strings’? and challenge 
the learner to take flight. The following 
procedures offer opportunities for flight: 

(1) Building mathematical concepts 
through group discussion, experimenta- 
tion, written exercises, and other problem 
solving types of activities. Group discus- 
sions and experimentation concerning 
size, order, shape, position, temperature, 
weight, amount, procedures for numerical 
computation, estimating, etc., offer fine 
opportunity to help the brighter pupil. 
Initial and key development of concepts 
can be developed with the entire class. 
Specific group needs can be met in sepa- 
rate periods. The less bright group usually 
needs to re-view and take time for under- 
standing and skill. The brighter group 
needs additional challenge and enriched 
activities. 

The art of good questioning is a major 
art of creative teaching. Challenging the 
brighter pupil with a high-powered ques- 
tion and the average and below average 
with questions to fit ability is a true art. It 
is an even greater art if the “powering”’ is 
not obvious to the class. Maintaining a 
balance of power that 
esteem, sincere interest, and challenge to 
each in his own way is democracy in ac- 
tion. 

(2) Opening new horizons. Creative 
teaching leads to the opening of new 
mathematical horizons for all members of 
the class. For the brichter child, new hori- 
zons should lead deeper into exploring, 
interpreting and applying basic concepts 
of mathematics. They should lead to 
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deepening the spirit of inquiry, challenging 
use of scientific procedures, and growing 
in a basic foundation on which super- 
structures can be built. 

(3) Setting up specific problem situa- 
tions and inspiring interest in solving 
them. Setting up problems concerning how 
to measure, what to measure, how the 
decimal number system works, etc., can 
lead to a “‘learning-laboratory” approach 
for learning. 

(4) Developing specific enrichment ac- 
tivities for the brighter child. There are 
many enrichment activities that help chal- 
lenge the brighter pupil. The following are 
some examples of activities: 


. special projects that arise through 
group discussion or individual in- 
terview 

. exhibits arranged by a group of 
children or by an individual 

. starred problems that offer specific 
challenge for the brighter pupil 

. bulletin board arrangements 
planned with the teacher and used 
in class discussion 

. experiments 

... problems which demand first-hand 
research through gathering, or- 
ganizing and interpreting data 

. dramatization and story writing 

. making scrapbooks of clippings and 
illustrations pertaining to a given 
topic or topics 

. special reports 

. reading special materials pertaining 
to topics of mathematics in the ele- 
mentary school 
investigating how things are mcas- 
ured, etc. May include interviews, 
models, ete. 

... problem of the week in which 
the brighter child is challenged to dig 
into a specific problem and report in 
class 


... puzzles, games, etc. 


The enrichment activities need careful 
evaluation. Activities can be classified as 
“busy work” unless they challenge intelli- 
gent, creative thinking. As stated by one 
gifted pupil, “It wasn’t the frosting, 1.e., 
puzzles, tricks, or unusual problems that 


stimulated me, it was the inherent mean- 
ing of the process of rule.’’ 

(5) Challenging skill with numerical 
computation as an outgrowth of under- 
standing of basic concepts. When the 
bright pupil is challenged to master num- 
ber facts and skills as an outgrowth of con- 
cepts—and is stimulated to use good 
methods for learning—he will achieve 
mastery that does not come through a 
drill-skill type of program. There is no 
paved road to eliminate specific study and 
practice, but there are roads that lead to 
facile learning. 

(6) Evaluating pupil progress. Growth 
in mathematical concepts, computational 
skills, appreciation, interpretation and ap- 
plication of mathematics should be in- 
cluded in the program for evaluation. Too 
little attention is directed toward this 
broader program for evaluation. Skill in 
solving problems that grow out of other 
subject areas, as well as those that are de- 
veloped in the mathematics period, should 
be included. 


Summary 


Let us not be ‘Penny wise and pound 
foolish” in our program for helping the 
brighter child in mathematics. Let us put 
the pound and the penny in their proper 
positions through a program based upon: 


Identifying and fanning the “‘hidden 
spark’ of each learner, letting the flame 
of the brighter child light his way. In 
the flame, other sparks will be kindled. 

Developing a program based on in- 
tellectual curiosity, experimentation, 
formulation of basic concepts, and good 
procedures for problem solving. 

Emphasizing building mathematical 
concepts as the foundation for liberating 
interpretation and application of mathe- 
matics. 

Developing fine mastery of numerical 
computation, through letting number 
facts and skills grow out of basic con- 
cepts that underlie them and through 
challenging good methods for achieving 
mastery. 


2 Johnson, Donovan A., “‘Let’s Do Something 
for the Gifted in Mathematics,” Mathematics 
Teacher, 46: 322-325, May, 1953. 
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Enriching the program for the bright- 
er child through activities that challenge 
and open new horizons of mathematical 
understanding. 


Genius may not be widespread among 
teachers, but each teacher has a spark of 


genius to develop the type of program de- 
scribed in this article. The program pays 
good dividends. The class and teacher are 
lifted from the realm of the ordinary and 
routine into the realm of continuous 
growth in liberating a “hidden spark’’ of 
mathematical understanding. 





Books and Materials Received 


Workbooks for Pupils 


From D. C. Heath and Co., Boston, Mass. 


Authors: Agnes G. Gunderson and George E. 
Hollister. 
Learning to Use Arithmetic 


Readiness Book, 64 pages, $0.52 
Book 1, 96 pages, $0.64 
Book 2, 144 pages, $0.76 


From World Book Company, Yonkers, N. Y. 


Authors: John R. Clark, Carolyn Hatton 
Clark, Charlotte W. Junge, Francis G. Lank- 
ford, and Roliand R. Smith. 

Arithmetic Wookbook 


Grade 3, 144 pages 
Grade 4, 144 pages 
Grade 5, 144 pages 


Grade 6, 144 pages 
Grade 7, 144 pages 
Grade 8, 144 pages 


These newer workbooks are actually “learn- 
ing books.”’ They contain headings such as 
“Thinking About Addition,” ‘““The Meaning of 
Subtraction,” “Estimating a Product,” and 
“Understanding the Calendar” as well as the 
more conventional but necessary “Dividing,” 
“Finding Areas,” etc. The newer workbooks 
are carefully prepared and they are neat and 
attractive with a good deal of illustration. 

A workbook should be chosen in terms of 
the service that it can give to the teacher and 
pupils. If, for example, the development of 
concepts and the associated vocabularly are 
desired as well as operations with numbers 
and written problems, these may be sought 
in a workbook. If, on the other hand, the 
teacher desires to build understandings 
through discussion and classroom illustration 
or from a basic textbook, then a workbook 

-featuring these elements may not be needed. 
All school materials should be studied care- 
fully and used for a desired learning expe- 
rience. 


Text-workbooks for Pupils 


From Charles E. Merrill Company, Middle- 
town, Conn. 


Authors: Thomas J. Rurell, Adeline P. Haga- 
man, and James H. Smith. 
Arithmetic for Today 


Grade 1, 112 pages 

Grade 2, 128 pages 

Grade 3, 160 pages Grade 7, 160 pages 

Grade 4, 160 pages Grade 8, 160 pages 

Teachers manuals of 64 pages for each 
grade. 


Grade 5, 160 pages 


Grade 6, 160 pages 


Films for Teachers and Pupils 


From Bailey Films Inc., 6509 De Longpre 
Ave., Hollywood 28, Calif. Eight 16 mm 
sound films, 11 minutes each. Color, $90; 
Black and White, $45. Also rental. 
Introduction to Fractions, How to Add Frac- 
tions, How to Subtract Fractions, How to 
Change Fractions, How to Multiply Frac- 
tions, How to Divide Fractions, Decimal 
Fractions, Percentage. 


Professional Books for Teachers 


From Silver Burdett Company, New York, 
He Be 

Teaching Children Arithmetic by Robert L. 
Morton, 566 pages, $4.50. 

From Henry Holt and Company, New York, 
i 

Building Mathematical Concepts in the Ele- 
mentary School by Peter L. Spencer and 
Marguerite Brydegaard. 372 pages, $3.75. 
From William C. Brown Company, Dubuque, 
Iowa. 

Functional Arithmetic, Photographic Inter- 
pretations by Lowry Harding. 204 pages, 
$2.00. 

Current books on the teaching of arithmetic 
reflect the more recent trend of development 
of meanings and understandings before pro- 
ceeding to abstract work with numbers. 
These books are useful not only to young 
teachers in training but also to experienced 
teachers and supervisors by showing modern 
approaches to learning and by explaining the 
“how” and the “what” to do in many situa- 
tions. 
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Counting Devices and Their Uses 


Ben A. 


SUELTzZ 


Cortland, N. Y. 


Psychological Considerations 


NYONE who has worked with young 
A children in a natural setting knows 
that they like to look at real things and to 
take them in their hands. These are natu- 
ral avenues of learning upon which we 
should capitalize in our schools. The im- 
pressions gained by taking hold of some- 
thing are not clearly understood by our 
psychologists; however researches tend to 
show that such learning is not only more 
enjoyable but also it gives more lasting 
impressions, it is not so readily forgotten. 
The wise teacher has her pupils use their 
hands, eyes, voices, and ears in respect to 
the things being learned. Some children 
will respond better to one approach than 
to another but the combination of several 
seems to give better and longer lasting im- 


pressions than one sensory experience 
alone. 
Many schools now employ counters 


which children use in learning number 
concepts, counting, and addition and sub- 
traction combinations. These counters 
may be anything from pebbles or blocks to 
the fancy colored discs that may be 
bought. This discussion will show how to 
use a number of things and devices in 
learning arithmetic in the lower grades. 

To a young child, a number such as five 
(not the symbol) is a collection of five 
things; the idea of five as a number on a 
scale such as on a ruler is a later develop- 
ment. Thus we are cautioned against the 
too early use of scales and blocks on which 
the five is a height five times as high as a 
one block. Also, the concept of number 
should not depend upon color, e.g. yellow 
dises are not necessarily one’s and red 
dises ten’s. These items will be more fully 
elaborated later. 

Two modes of learning that differ widely 
may be called the Method of Discovery 
and the Authoritarian Method. In dis- 
covery, the child is posed a problem such 
as “here are three and over here four, how 


many are there when they are placed to- 
gether?’ The teacher and pupils actually 
have 3 things in one group and 4 similar 
things in another group and move them 
together into a single group. Note that this 
shows the meaning of addition (putting 
together) and children can count to find 
the total. After the total of 7 has been dis- 
covered, the combination “three and four 
make seven” should be repeated orally and 
it should be written so that pupils have the 
combination of doing, seeing, and talking 
and hearing. By the Authoritarian Meth- 
od, on the other hand, the teacher or a 
textbook gives the answer ‘3 and 4 are 7” 
and the pupils try to memorize it. To 
some pupils this may be as meaningless as 
Greek to an aborigine. 

Pupils who have already achieved the 
ability to visualize quantities and to think 
with abstract symbols should not dwell 
overlong on the seeing and handling stage. 
For example, certain pupils, early in the 
first grade, have had experience in han- 
dling things and have developed a good 
number sense with small numbers and will 
achieve “3 and 4 are 7’”’ by a mental proc- 
ess such as “3 and 3 are 6 and so 3 and 4 
must be one more or 7.”’ It is our goal to 
lead all pupils to the higher mental levels 
so that they can think with number sym- 
bols. On the other hand, it is not uncom- 
mon to find pupils in grades 6-8 who need 
to see and handle in order to develop an 
understanding of the significance and 
meaning of what they are doing even with 
comparatively small numbers. 

Rates of comprehension differ widely 
with children in the same age group. Hence 
some will grasp the complete significance 
of an experience in one operation while 
others will not only need repeated experi- 
ence but this frequently must be accom- 
panied with questions and directions from 
the teacher so that the important elements 
are grasped by these pupils. Some teachers 
have found that even in the lower grades 
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it is desirable to enlist the aid of parents in 
helping children to see the sense in what 
they are doing. Of course, this requires the 
type of school-parent relationship which 
has been achieved in some of our better 
schools. 


Nature of Concepts and Operations 


The arithmetic of kindergarten through 
grade two is concerned mainly with the 
development of ideas and simple quantita- 
tive operations and concepts. By a con- 
cept we mean the mental-picture-under- 
standing of something as, for example, the 
number five. This has been called the 
“fiveness”’ of a group. There are levels or 
stages in concept development: (a) tlie 
fiveness of a group of specific things such 
as cookies or blocks and this should include 
several different arrangements of the five 
single items; (b) representing the fiveness 
or five of a group with the word five and 
the symbol 4; and (c) using the symbol 5 
in operations and with the original sense of 
fiveness held in the subconscious mind. All 
of these stages of development require ex- 
perience or practice. Certain learnings 
such as writing the symbol 4 require help 
and showing how from the teacher and 
this help may cover a considerable period 
of time. 

Learning an operation also develops in 
stages if it is to have significance for the 
pupil. For example, the operation of addi- 
tion may progress through these stages: 
(a) putting together of groups of real 
things to form a new and larger group as 
for example four blocks and five blocks 
into a new grouping of nine blocks and the 
discovery of the total of nine in the new 
group; (b) representing the process or 
operation of putting together with sym- 
bols as: 4 and 5 are 9, 4+5=9, and 


4 
5 


_ 


9 


and (c) use of symbols only and with the 
real things they may represent held only in 
the subconscious mind. All of these stages 
require repeated experience with more 
practice for some pupils than for others. 
And in some cases going back to stage (a) 


for certain pupils when others have al- 
ready achieved stage (c). From the fore- 
going it is apparent that an arithmetical 
operation with symbols represents an 
actual operation with real things. The real 
things are useful in giving meaning to the 
operation but they should be considered 
only a means toward the jinal goal of work- 
ing with symbols. 


Counting Frames and the Abacus 


The simplest visual-manipulative aids 
for development of number concepts and 
number combinations are objects like 
checkers, pebbles, blocks, etc. These are 
very good because they are easily grasped 
in the hand and can be seen. They should 
be approximately equal in size. What can 
be done with these objects? Children, 
under the guidance of the teacher should 
for exgmple make several groupings of 
numbers as for example the number five 

* * * & & 

x* * * kK * * ete. 

x * * * 
The objects are counted, children say the 
counts, one, two, three, four, five as they 
handle the objects. They learn to write the 
figure 5. These same counters can be used 
later for developing the ten’s or decimal 
base of the number system by using lines 
on a piece of cardboard or other similar 
material that can be placed on a desk or 
table. The lines might be labeled as shown. 
Then the teacher can show how one 
counter in the ten’s position is worth as 
much as ten one’s in the one’s position, 
etc. This introduces the basic principle of 
place value which is so important now for 








Counter Board 


understanding the writing of numbers and 
later for building a rational basis of com- 
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putation. In the early stages of using such 
a counting board, it may be desirable to 
use a larger counter or one of a different 
color to represent ten’s. But finally all 
counters should be the same so that the 
idea of place value is independent of size or 
color of counters. It will be of interest to 
pupils to tell them the word “counter” as 
used in merchandising comes from the old 
counting lines sometimes grooved into the 
top of the store counter over which 
merchandise was passed and on which the 
counting or adding of the account was 
done. The horizontal counting board has 
some drawbacks: teacher and pupils must 
stand over it in order to see the counters 
and observe how they are manipulated to 
show adding and the use of place value. 
Another form of counting device that 
has all of the advantages of the counting 
board and more flexibility is the magnetic 
board! which is made from a piece of sheet 
iron such as roofer’s valley metal and 





Magnetic Board 


wooden counters with small alnico mag- 
nets inserted so that the counters will cling 
to the board in any position. Such a board 
can be used for showing numbers, e.g. five 
counters for 5, for showing addition combi- 
nations, subtraction (removal or taking 
away), simple multiplication, and the 
sharing or separating idea of division. 
Later it can be used for showing fractions 
of a group, ratio, and percentage. If the 


! The author prefers a metal board about 16 
by 24 inches and counters } inch high and 14 
inches in diameter made of some hardwood such 
as maple. He has 24 counters with which many 
different ideas can be represented. Alnico mag- 
nets are available in many hobby shops at 5 to 
10 cents each. Magnetic bulletin boards, avail- 
able in variety stores, can be converted to use in 
arithmetic by adding magnetic counters. 


board has been painted with “blackboard 
paint”’ it can be written on with chalk and 
hence is useful for recording all of the 
things that are done with the counters. 
Experimentally, this magnetic board has 
been used for five years and found one of 
the most useful devices for teaching arith- 
metic meaningfully. 

A “flannel board” may be used the same 
as the magnetic board. To make a flannel 
board, stretch cotton or wool flannel over 
cardboard or some other rigid material and 
glue the edges on the back. Counters cut 
out of sandpaper will cling very well. Such 
a flannel board may be used for display of 
other materials such as words in reading, 
drawings, etc. 

Various forms of the abacus are avail- 
able or can be made. Experimentally a 
number of teachers favor the ‘‘open-end”’ 
abacus because it has more flexibility in 
use. 

The first abacus pictured, with 5 beads 
on each wire on a lower section and 2 
beads above, is not good for use with 
young children. It may be used later for 
showing how Roman Numeral values may 
be represented and added. The ‘‘10 bead 
abacus” has real value but also has limita- 
tions because it definitely limits the num- 
ber of counters in a column to 10. The ad- 
vantage of being able to go higher than ten 
will be apparent in the “open-end abacus.” 

The “open-end abacus’” is useful for 
counting while placing counters on the rod 
for one’s, for placing a number thereon as 
for example 4 and then another additional 
number of 5 and showing the total of 9. 
Also this same idea can be used with larger 
amounts as for example 6 and 8, with a 
total of 14 counters on the one’s rod. To a 
child, 14 is first a collection of 14 items and 
later 10+-4 items or 14 as we write it. The 
14 counters on the one’s rod may then be 
changed to a 1 on the ten’s rod and 4 on the 


? The open-end abacus can be made by insert- 
ing sections of dowel rod into a wooden base. 
The author uses square counters with square 
holes and square rods because such counters are 
easier to make in the ordinary school shop. He 
would prefer round counters about ? inch thick 
and 1} inches in diameter. The rods should be 
long enough so that some 15 or 20 counters may 
be placed on each rod. The cost for materials is 
less than 50 cents. 
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Forms of the Abacus 


one’s rod, thus showing the real nature of 
our number system. Such work is less 
meaningful on other forms of abacus. If 
desired in the early stages a different color 
might be used for ten’s counters but soon 
it should be position rather than color or 
size that denotes value. This form of aba- 
cus is also useful in showing subtraction. 
Teachers should study the possibilities of 
using such a device and not be fearful 
thereof. 

A number of forms of counting frame or 
abacus are now commercially available. 
All of these have merit. There is however 
some additional interest value which may 
be capitalized upon when a school de- 
velops its own materials. 

Another device that has proved valu- 
able for a later stage of adding and sub- 
tracting is a simple counting stick which 
may be used with a yardstick. This works 
like a slide rule. The counting stick is 
made 10 inches long and has the numbers 
1,2, +--+, 10stamped on the inch marks. 
The back of the stick is mitered so that it 
fits over the bottom edge of the yardstick 
and so that both rows of numbers are close 
together. Then its beginning may be 
placed under any number on the yardstick 
and addition combinations including dec- 
ade combinations can be read. Note that 
this device uses figures. It is a good device 
for discovery and verifying combinations. 
Its use should follow the use of counters. 


Another device which is really an adap- 
tation of the abacus might be called “num- 
ber pockets.” This can be made of wood or 
cloth. Any teacher can arrange three or 
four pockets into which counter sticks 
such as tongue depressors or pieces of 
dowel rod may be placed. The use of 
pockets is similar to the “‘open-end aba- 
cus.”’ The chief objection is that the num- 
ber of sticks in each pocket is not easily 
discernible. 

A type of counting frame may be made 
by stretching several parallel cords across 
a corner of the classroom and using clothes- 
pins as counters. Colored plastic clothes- 
pins of the spring-pinch type are now avail- 
able in many variety stores. Such a device 
is used in much the same way as the open- 
end abacus. 

The number chart which may be 
placed on a table or hung on the wall may 
be made from heavy wrapping paper, oil- 
cloth, muslin, or plastic upholstery ma- 
terial. Numbers are arranged in horizontal 
rows | to 10, 11 to 20, ete. The numbers 
may be stamped on some materials with a 
rubber stamp or they may be written with 
a lettering pen or with wax crayon. These 
charts are useful in learning number se- 
quence in counting, to show the ften’s or 
decade pattern of the number system, to 
locate “the number before,” “the number 
after,” “15 and 3 more,” “2 less than 21.” 
etc. 





Number Stick 


Cord and Clothespins 


Number Pockets 
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Number Chart 


Many teachers object to pupils using 
their fingers as counters. Certainly, fingers 
are convenient and many of us adults find 
them very useful in specific situations. We 
do not object to children using them in the 
early stages of counting; our chief concern 
is with continued use of fingers as crutch 
devices when children should be “using 
their heads.”’ 

Perhaps many of us have too soon 
forced pupils to depend upon memory of 
addition and subtraction combinations 
when they should still be using methods of 
discovery. 

Pennies and dimes, both real and toy 
money, are very useful in developing the 
ten’s idea of place value and also in re- 
grouping numbers in discovery of addition 
combinations. See Dr. Thiele’s article on 
discovery in this issue. 

In general, children tend to drop the 
more cumbersome methods using crutch 
devices as they attain higher mental levels 
of operation. Certain pupils who seem to 
rely overly long on less efficient methods of 
operation should be challenged and urged 
to use more efficient mental methods. The 
high artistry in good teaching recognizes 
when it is desirable to urge and when to 
pressure pupils to progress from one stage 
to another. 

Counters are useful in situations other 
than simple counting and adding. For 
example, not only may the meaning of 
subtraction, multiplication, and division 
be demonstrated but the actual operation 
may be performed as well. To illustrate: 
(a) “How many cookies are left when 7 are 
taken from a group of 22?” (b) “If Joe has 
5 sheets of paper and Sam needs three 
times as many, how many should Sam 
have?” and (c) “How many quarts are 
there in 15 pints of milk?” There is some 
advantage in using counters to represent 





Finger Counters 


the real objects because this centers atten- 
tion more on the number idea than might 
be the case with cookies, paper, and milk. 
The teacher will see how to manipulate the 
counters. In the case of division, this 
might be done as follows: place the 15 
counters on a table or on the magnetic 
board, know that 2 pints equal 1 quart, 
separate 2 counters for each quart, note 
that we have 7 groups of 2, and we have 
one extra counter or pint. This extra is a 
remainder or it is } quart. 

Such use of counters also helps to estab- 
lish the ‘‘one-to-one correspondence’’ 
which is important in generalizing the con- 
cept of a number as for example the num- 
ber five represents any group having five 
individual items. 

Many of the companies that sell school 
supplies now offer interesting number 
cards and blocks. These are useful in ar- 
ranging numbers in sequence and also in 
arranging number combinations for proc- 
esses. Sets of plastic numbers offer many 
possibilities to the resourceful teacher. 
However, the possession of materials is 
only one step. It is what teachers and 
pupils do with them that is important. 


Construction of Devices 


Devices useful in learning certain de- 
velopmental phases of arithmetic can 
easily be made by teachers who have a 
little knowledge of materials and tools. 
Usually a shop teacher or a parent who has 
a home workshop is available for help or 
for actual construction. 

It is worthwhile spending a little time 
on design so that devices will be attractive 
as well as serviceable. Items that are to be 
used for demonstration purposes should be 
sufficiently large so that the essential fea- 
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tures are easily visible from all parts of the 
classroom. Also, the finished device should 
be waxed, shellacked, or lacquered so that 
it will remain clean and can be washed. 

Usually the costs of materials are negli- 
gible because most of the pieces are small 
and can be made from the scrap found in 
most school and home shops. But these 
devices are well worth a great deal of 
money in terms of their educational use- 
fulness. It is just as important for a school 
to furnish materials for learning arith- 
metic as it is to furnish materials for art, 
music, and social studies. Teachers should 
not be afraid to ask for money for arith- 
metic materials. 


Summary 


1. Modern principles of learning attest 
to the value of using objective materials in 
learning arithmetic. The rate of learning, 
the enjoyment of learning, the depth of 
understanding and the rate of forgetting 
seem to be favorably affected when chil- 
dren can see and handle as well as hear 
about and talk about the things they are 
learning. 

2. The method of discovery is much 
better for developing understanding than 
is the authoritarian method. Furthermore, 
a method of discovery has value in itself in 


that it enables a pupil to extend his own 
learning and to rediscover when necessary 
whereas in the authoritarian method he 
must rely chiefly upon memory. 

3. To young children the make-up of a 
number seems to be the idea of a collection 
of single items rather than a number on a 
scale such as on a stick or ruler and hence 
the better objective materials ought to 
use this idea. While it may be desirable to 
identify certain number values as for ex- 
ample 10, with a distinctive color at the 
early stages, ultimately numbers should be 
independent of size, shape, or color of the 
counters used. 

4. It is a mistake to hasten to abstract 
work with symbols when pupils do not yet 
comprehend the significance of what they 
are learning. Likewise it is a mistake to 
continue the use of objective materials 
with children who already have progressed 
to the higher and more abstract levels. 

5. Devices themselves will teach very 
little arithmetic. It is the guidance of a 
good teacher that determines their useful- 
ness in discovery and learning. 

6. Schools should buy or make objective 
materials to be used in learning arithmetic. 
The cost is negligible in comparison with 
the values gained by the pupils when a 
good teacher is guiding the learning. 





NEW JERSEY INSTITUTE 


The Association of Mathematics Teachers of 
New Jersey in cooperation with Rutgers Uni- 
versity will hold its second summer institute 
July 7-16. Work in arithmetic as well as in 
secondary school mathematics will be featured. 
For a brochure address: The Director of the 
Summer Session, Rutgers University, New 
Brunswick, New Jersey. 








